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Abstract 

We classify all smooth projective horospherical varieties with Picard number 1. 
We prove that the automorphism group of any such variety X acts with at most 
two orbits and that this group still acts with only two orbits on X blown up at the 
closed orbit. We characterize all smooth projective two-orbits varieties with Picard 
number 1 that satisfy this latter property. 
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Introduction 

Horospherical varieties are complex normal algebraic varieties where a connected complex 
reductive algebraic group acts with an open orbit isomorphic to a torus bundle over a flag 
variety. The dimension of the torus is called the rank of the variety. Toric varieties and 
flag varieties are the first examples of horospherical varieties (see [12] for more examples 
and background). 

It is well known that the only smooth projective toric varieties with Picard number 1 
are the projective spaces. This is not the case for horospherical varieties: for example any 
flag variety G/P with P a maximal parabolic subgroup of G is smooth, projective and 
horospherical with Picard number 1. 

Moreover, smooth projective horospherical varieties with Picard number 1 are not nec- 
essarily homogeneous. For example, let u; be a skew-form of maximal rank on C^"^"*"^. For 
i G {l,...,m}, define the odd symplectic grassmannian Grt^(i,2m + 1) as the variety of 
i-dimensional cj-isotropic subspaces of C^"^"*"^. Odd symplectic grassmannians are horo- 
spherical varieties (see Proposition I1.12p and, for i ^ m they have two orbits under the 



action of their automorphism group which is a connected non-reductive hnear algebraic 
group (see [11] for more details). 

Our focus on smooth horospherical varieties with Picard number 1, that gives interesting 
examples of Fano varieties with Picard number 1, is also motivated by the main result of 
|12j . where Fano horospherical varieties are classified in terms of rational polytopes. Indeed 
in fl2[ Th.0.1], the degree {i.e. the self-intersection number of the anticanonical bundle) 
of smooth Fano horospherical varieties is bounded. Two different bounds are obtained in 
the case of Picard number 1 and in the case of higher Picard number. 

In Section [H we classify all smooth projective horospherical varieties with Picard num- 
ber 1. More precisely, we prove the following result. 

Theorem 0.1. Let G be a connected reductive algebraic group. Let X be a smooth projective 
horospherical G -variety with Picard number 1. 
Then we have the following alternative: 

(i) X is homogeneous, or 

(a) X is horospherical of rank 1. Its automorphism group is a connected non-reductive 
linear algebraic group, acting with exactly two orbits. 

Moreover in the second case, X is uniquely determined by its two closed G-orbits Y and 
Z , isomorphic to GjPy and GjPz respectively; and {G, Py, Pz) is one of the triples of the 
following list. 

1. {Bm, P{uJm-i), P{uJm)) with m > 3 

2. {B,,P{uj^),P{uj,)) 

3. (Cm, PiyJi), Pij^i+i)) with m>2 and z G {1, . . . , m — 1} 

4. {F^,P{UJ2),P{UJ3)) 

5. {G,,P{uj2),PM) 

Here we denote by P{uJi) the maximal parabolic subgroup of G corresponding to the domi- 
nant weight uji with the notation of Bourbaki JB^. 

Remark that Case 3 of Theorem 10.11 corresponds to odd symplectic grassmannians. 
It would be natural to investigate other complete smooth spherical varieties with Picard 
number 1 (A normal variety is spherical if it admits a dense orbit of a Borel subgroup, 
for example horospherical varieties and symmetric varieties are spherical). A classification 
has been recently given in the special case of projective symmetric varieties by A Ruzzi [T^ . 
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In the second part of this paper, we focus on another special feature of the non- 
homogeneous varieties classified by Theorem 10.11 the fact that they have two orbits even 
when they are blown up at their closed orbit. Two-orbits varieties {i.e. normal vari- 
eties where a linear algebraic group acts with two orbits) have already be studied by 
D. Akhiezer and S. Cupit-Foutou. In [Ij, D. Akhiezer classified those whose closed orbit 
is of codimension 1 and proved in particular that they are horospherical when the group 
is not semi-simple. In [7], S. Cupit-Foutou classified two-orbits varieties when the group 
is semi-simple, and she also proved that they are spherical. In section [21 we define two 
smooth projective two-orbits varieties Xi and X2 with Picard number one (see Definitions 
12.111 and 12.121) and we prove the following: 

Theorem 0.2. Let X be a smooth projective variety with Picard number 1 and put G : = 
Aut°(X). 

Assume that X has two orbits under the action of G and denote by Z the closed orbit. 
Then the codimension of Z is at least 2. 

Assume furthermore that the blow-up of Z in X still has two orbits under the action of 
G. Then, one of the following happens: 

• G is not semi-simple and X is one of the two-orbits varieties classified by Theorem 

m 

. G = Fi andX = lL-i_; 

• G = X PSL(2) and X = X2. 

The varieties in Theorem 10.21 are spherical of rank one [5]. Remark also that odd sym- 
plectic grassmannians have been studied in detail by LA. Mihai in [TT]. In particular, he 
proved that an odd symplectic grassmannian is a linear section of a grassmannian fH] 
Prop. 2. 3. 15]. It could be interesting to obtain a similar description also for the varieties of 
Theorem 10.21 

The paper is organized as follows. 

In Section 11.11 we recall some results on horospherical homogeneous spaces and horo- 
spherical varieties, which we will use throughout Section [H In particular we briefly sum- 
marize the Luna-Vust theory [10] in the case of horospherical homogeneous spaces. 

In Section II. 2[ we prove that any horospherical homogeneous space admits at most 
one smooth equivariant compactification with Picard number 1. Then we give the list of 
horospherical homogeneous spaces that admit a smooth compactification not isomorphic 
to a projective space and with Picard number 1. We obtain a list of 8 cases (Theorem 11.71) . 

In Section II. 3[ we prove that in 3 of these cases, the smooth compactification is homo- 
geneous (under the action of a larger group). 
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In Section [L^ we study the 5 remaining cases (they are hsted in Theorem lO.ip . We com- 
pute the automorphism group of the corresponding smooth compactification with Picard 
number 1. We prove that this variety has two orbits under the action of its automorphism 
group and that the latter is connected and not reductive. 

In Section 11.51 we prove Theorem IU.2I in the case where the automorphism group is not 
semi-simple. This gives another characterization of the varieties obtained in Section II. 4[ 

The aim of Section [2] is to prove Theorem 10.21 when G is semi-simple. 

Definition 0.3. A projective G- variety X satisfies (*), if it is smooth with Picard number 1, 
has two orbits under the action of G such that its closed orbit Z has codimension at least 2, 
and the blowing-up of X along Z has also two orbits under the action of G. 

In Section 12. ![ we prove the first part of Theorem 10.21 and we reveal two general cases. 

In Sections 12.21 and 12. 3[ we study these two cases respectively. First, we reformulate 
part of the classification of two-orbits varieties with closed orbit of codimension one due 
to D. N. Akhiezer, in order to give a complete and precise list of possible cases. Then 
we study separately all these possible cases. We prove that the two varieties Xi and X2 
satisfy (*) and are non-homogeneous, and that in all other cases, the varieties satisfying 
(*) are homogeneous. 

1 Smooth projective horospherical varieties with Pi- 
card number 1 

1.1 Notation 

Let G be a reductive and connected algebraic group over C, let S be a Borel subgroup of 
G, let T be a maximal torus of B and let U be the unipotent radical of B. Denote by C 
the center of G and by G' the semi-simple part of G (so that G = C.G'). Denote by S 
the set of simple roots of {G,B,T), and by A (respectively A"*") the group of characters of 
B (respectively the set of dominant characters). Denote by W the Weyl group of {G,T) 
and, when I C S, denote by Wj the subgroup of W generated by the reflections associated 
to the simple roots of /. If a is a simple root, we denote by a its coroot, and by the 
fundamental weight corresponding to a (when the roots are ai,...a„, we will write oOi 
instead of cUq-J. Denote by P{uja) the maximal parabolic subgroup containing B such that 
LJa is a character of P{uja). Let F be the Dynkin diagram of G. When I (Z S, we denote by 
F/ the full subgraph of F with vertices the elements of /. For A G A"*", we denote by V^(A) 
the irreducible G-module of highest weight A and by v\ a highest weight vector of V^(A). If 
G is simple, we index the simple roots as in [3]. 
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A closed subgroup if of G is said to be horospherical if it contains the unipotent radical 
of a Borel subgroup of G. In that case we also say that the homogeneous space G/H is 
horospherical. Up to conjugation, one can assume that H contains U. Denote by P the 
normalizer Ng{H) of H in G. Then P is a parabolic subgroup of G such that P/H is a 
torus. Thus G/H is a torus bundle over the flag variety G/P. The dimension of the torus 
is called the rank of G/H and denoted by n. 

A normal variety X with an action of G is said to be a horospherical variety if G has 
an open orbit isomorphic to G/H for some horospherical subgroup H. In that case, X is 
also said to be a G/if -embedding. The classification of G/if-embeddings (due to D. Luna 
et Th. Vust PH] in the more general situation of spherical homogeneous spaces) is detailed 
in [HI Chap.l]. 

Let us summarize here the principal points of this theory. Let G/H be a fixed horo- 
spherical homogeneous space of rank n. This defines a set of simple roots 

I := {a E S \ uja is not a character of P} 

where P is the unique parabolic subgroup associated to H as above. We also introduce a 
lattice M of rank n as the sublattice of A consisting of all characters x of P such that the 
restriction of x to ii is trivial. Denote by the dual lattice to M. 

In this paper, we call colors the elements of S\I. For any color a, we denote by aM 
the element of A^ defined as the restriction to M of the coroot a : A — > Z. The point a m 
is called the image of the color a. See [121 Chap.l] to understand the link between colors 
and the geometry of G/H. 

Definition 1.1. A colored cone of Ak := A^ (S>z is an ordered pair {C,J-') where C is a 
convex cone of Ajr and JF is a set of colors (called the set of colors of the colored cone), 
such that 

(i) C is generated by finitely many elements of A^ and contains the image of the colors of 

(ii) C does not contain any line and the image of any color of is not zero. 

One defines a colored fan as a set of colored cones such that any two of them intersect 
in a common colored face (see [121 def.1.14] for the precise definition). 

Then G/if-embeddings are classified in terms of colored fans. Define a simple G/H- 
embedding of X as one containing a unique closed G-orbit. Let X be a G/if-embedding 
and F its colored fan. Then X is covered by its simple subembeddings, and each of them 
corresponds to a colored cone of the colored fan of X. (See [6] or [9] for the general theory 
of spherical embeddings.) 
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1.2 Classification of smooth projective embeddings with Picard 
number 1 

The Picard number px of a smooth projective G/iif-embedding X satisfies 

Px = rx + ^{S\I) - ^{Vx) 

where Vx denotes the set of simple roots in 5'\/ which correspond to colors of F and rx 
is the number of rays of the colored fan of X minus the rank n |12, (4.5.1)]. Since X is 
projective, its colored fan is complete [i.e. it covers N-^ and hence rx > 1. Moreover 
T>x C S\I, so Px = 1 if and only if = 1 and Vx = S\I. In particular the colored fan 
of X has exactly n + 1 rays. 

Lemma 1.2. Let G/H he a horospherical homogeneous space. Up to isomorphism of 
varieties, there exists at most one smooth projective G / H -embedding with Picard number 1. 

Proof. Let X and X' be two smooth projective G/if-embeddings with respective colored 
fans F and F' and both with Picard number 1. Denote by ei, . . . , Cn+i the primitive elements 
of the n + 1 rays of F. By the smoothness criterion of Chap. 2], (ei, . . . , e„) is a basis 
of N , Cn+i = —Ci — ■ ■ ■ — Cn and the images in of the colors are distinct and contained 
in {ci, . . . , Cn+i}- The same happens for F'. Then there exists an automorphism cf) of the 
lattice N which stabilizes the image of each color and satisfies F = 0(F'). Thus the varieties 
X and X' are isomorphic [121 Prop. 3.10]. □ 

If it exists, we denote by X^ the unique smooth projective G/if-embedding with Picard 
number 1 and we say that G/H is "special". 

Remark 1.3. By the preceding proof, we have tl(^^x) < n + 1. 
1.2.1 Projective space 

We first give a necessary condition for the embedding X^ of a special homogeneous space 
not to be isomorphic to a projective space. In particular we must have n = 1, so that 
has three orbits under the action of G: two closed ones and G/H. 

Theorem 1.4. Let G/H be a "special" homogeneous space. Then X^ is isomorphic to a 
projective space in the following cases: 

(^) mx-) < n, 

(li) n>2, 

(Hi) n = 1, tj('E'xi) = 2 and the two simple roots ofVx^ are not in the same connected 
component of the Dynkin diagram T. 
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Proof, (i) In that case, there exists a maximal colored cone of the colored fan of X which 
contains all colors. Then the corresponding simple G/if-embedding of X^, whose closed 
orbit is a point fl2[ Lem.2.8], is affine [9^, th.3.1] and smooth. So it is necessarily a horospher- 
ical G-module V [121 Lem.2.10]. Thus P(C (B V) is a smooth projective G/if-embedding 
with Picard number 1. Then by Lemma [1. 2 [ X^ is isomorphic to P(C © V^). 

(ii) We may assume that jK^^xO = n + 1. Denote by ai, . . . , a„+i the elements of S\I 
and by Fj the Dynkin diagram F^^Iq,.}. The smoothness criterion of horospherical varieties 
[T2|, Chap. 2] applied to X^ tells us two things. 

Firstly, for alH G {1,...,?t, + 1} and for all j ^ i, aj is a simple end ("simple" means not 
adjacent to a double edge) of a connected component F^ of Fj of type or Cm- Moreover 
the F^ are distinct, in other words, each connected component of Fj has at most one vertex 
among the (ai)ig{i,...,„+i}. 

Secondly, (aiA/)ie{i,...,n} is a basis of and a(n+i)M = —c^im — ■ ■ ■ — anM- Thus a basis 
of M (dual of N) is of the form 

(uJi — UJn+l + Xi)i€{l,...,n} 

where Xi is a character of the center C of G, for alH G {1, . . . , n}. 

Let us prove that a connected component of F contains at most one vertex among the 
{c(i)i£{i,...,n+i}- Suppose the contrary: there exist i,j G + 1}, i 7^ j such that 

ttj and aj are vertices of a connected component of F. One can choose i and j such that 
there is no vertex among the (afc)fcg{i,...,n+i} between and aj. Since n > 2, there exists 
an integer k G {1,...,?t, + 1} different from i and j. Then we observe that F^ does not 
satisfy the condition that each of its connected component has at most one vertex among 
the (ai)ig{i,,„,„+i} (because F^ = F^). 

Thus we have proved that 

n+l 

F = y F^' (1.4.1) 

j=0 

such that for all j G {1, . . . , n + 1}, F-' is a connected component of F of type or Cm in 
which aj is a simple end. 

For all A G A"*", denote by by V{X) the simple G-module of weight A. Then Equation 
11.4.11 tells us that the projective space 

F{V{uJn+l) © V{UJ, + Xl) © • ■ ■ © V{Un + Xn)) 

is a smooth projective G/if-embedding with Picard number 1. Thus X^ is isomorphic to 
this projective space. 

(iii) As in case (ii), one checks that X^ is isomorphic to ¥{V{uj2) (BV{uji + Xi)) fo^' some 
character xi of C. □ 
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1.2.2 When is not isomorphic to a projective space 

According to Theorem 11.41 we have to consider the case where the rank oi G/H is 1 and 
where there are two colors corresponding to simple roots a and (3 in the same connected 
component of F. As we have seen in the proof of Theorem 11.41 the lattice M (here of 
rank 1) is generated hj uJa — ^/3 + X where x is a character of the center C of G. Moreover, 
H is the kernel of the character Ua — i-0j3 + x '■ P{^a) H P{ujp) — > C*. 

We may further reduce to the case where G is semi-simple (recall that G' denotes the 
semi-simple part of G). 

Proposition 1.5. Let H' = G' H H. Then G/H is isomorphic to G' / H' . 

Proof. We are going to prove that G/H and G' / H' are both isomorphic to a horospherical 
homogeneous space under (C x C*). In fact G/H is isomorphic to [G' x P/H)/H [T2| 
Proof of Prop. 3. 10], where 

H = {{g,pH)eG' xP/H\gpeH}. 

Similarly, G' / H' is isomorphic to (C x P' / H') / H' where P' = PnG' and H' defined as 
the same way as H. Moreover the morphisms 

P/H — > C* and P'/H' — > C* 

pH I — > {ujo,- ujp + x){.p) P'H' I — > {ua- UJp){p') 

are isomorphisms. Then 

H = {(p',c)eP'xC*\{u;^-u;p + xW) = c-'} 
= {ip\c)eP'xC*\iiJa-iJp){p') = c-'} 
= H'. 

This completes the proof. □ 

Remark 1.6. In fact P/i7 ~ C* acts on G/H by right multiplication, so it acts on the 
C*-bundle G/H — G/ P by multiplication on fibers. Moreover, this action extends to 
(where C* acts trivially on the two closed G-orbits). 

So we may assume that G is semi-simple. Let Gi, . . . , the simple normal subgroups 
of G, so that G is the quotient of the product Gi x ■ ■ ■ x G^ by a central finite group Gq. 
We can suppose that Go is trivial, because G/H ~ G/H where G = Gi x ■ ■ ■ x G^ and 
H is the preimage of H in G. If a and (3 are simple roots of the connected component 
corresponding to Gj, denote by Hi is the kernel of the character uja — of the parabolic 
subgroup P{uja) n P{ijjp) of Gj. Then 

H = Gi X ■ ■ ■ X Gi_i X Hi X Gi+i x ■ ■ ■ x Gk 

and G/H = Gi/Hi. 

So from now on, without loss of generality, we suppose that G is simple. 
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Theorem 1.7. With the assumptions above, G/H is "special" if and only if {r,a,P) 
appears in the following list (up to exchanging a and (3). 

1. (Am, «!, am), with m > 2; 

2. {Am, ai, aj+i), with m > 3 and i E {1, . . . ,m — 1} 

3. {Bm, am-i, am), with m > 3; 

5. {Cm, ctj+i, Oi) with m > 2 and i E {1, . . . ,m — 1} 

6. {Dm, Olm-l, Oim), With TTL > 4/ 

7. (^4,^2, as) 

8. {G2,a2,ai) 

Proof. The Dynkin diagrams rs'\{Q,} and r5\{^} are respectively of type Am or Cm by the 
smoothness criterion [121 Chap. 2]. And for the same reason, a and f3 are simple ends of 
Ts\{p} and Ts\{a} respectively. 

Suppose r is of type Am- If a equals ai then, looking at r5\{Q,}, we remark that /? must 
be a2 or am- So we are in Case 1 or 2. If a equals the argument is similar. Now if a 
is not an end of F, in other words if a = for some i G {2, . . . ,m — 1} then, looking at 
r5\{a}, we see that P can be ai, aj+i or am- The cases where /3 equals ai or am are 
already done and the case where /3 equals or aj+i is Case 2. 

The study of the remaining cases is analogous and left to the reader. □ 

In the next two sections we are going to study the variety for each case of this 
theorem. In particular we will see that is never isomorphic to a projective space. 

1.3 Homogeneous varieties 

In this section, with the notation of Section 11.2.21 we are going to prove that X^ is homo- 
geneous in Cases 1, 2 and 6. 

In all cases (1 to 8), there are exactly 4 projective G/if-embeddings and they are all 
smooth; they correspond to the 4 colored fans consisting of the two half-lines of R, without 
color, with one of the two colors and with the two colors, respectively (see fl2\ Ex. 1.19] for 
a similar example). 

Let us realize X^ in a projective space as follows. The homogeneous space C/H is 
isomorphic to the orbit of the point [v^^ + v^^] in P(l^(cc;^) © V{uJa)), where v^^ and v^^ 
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are highest weight vectors of V{uja) and V{ujj3) respectively. Then is the closure of this 
orbit in P(V(u;^) © V{uJa)), because both have the same colored cone {i.e. that with two 
colors)0. 

We will describe the other G/if-embeddings in the proof of Lemma [1.171 

Proposition 1.8. In Case 1, is isomorphic to the quadric Q^™ = S02m+2 

Proof. Here, the fundamental G-modules V{uJa) and V{lj/^) are the simple SL^+i-modules 
C""^""^ and its dual (C™""*"^)*, respectively. Let denote by Q the quadratic form on C™"*"^ © 
j^^m+i-j* fjggj^gfj Iqj Q{u,u*) = {u*,u). Then Q is invariant under the action of SLm+i. 
Moreover Q{vuj^ = 0? so that is a subvariety of the quadric (Q = 0) in P(C™'"^^ © 

(C""+^)*) = P(C2™+2). 

We complete the proof by computing the dimension of X^: 

dim X^ = dim G/H = 1 + dim G/P = 1 + ^{R^\Rj) (1.8.1) 

where is the set of positive roots of (G, B) and is the set of positive roots generated 
by simple roots of /. So dim X^ = dim = 2m and X^ = Q"^"^. □ 

Proposition 1.9. In Case 2, X^ is isomorphic to the grassmannian Gr(i + l,m + 2). 

Proof. The fundamental SLm+i-modules are exactly the 

and a highest weight vector of V{iJi) is ei A ■ ■ ■ A where ei, . . . , e^+i is a basis of C'""''"'^. 
We have 

X ^ P( A' C™+i © A*^^ C^+i) 



G/if ^= G. [ei A ■ ■ ■ A Ci + ei A ■ ■ ■ A d+i] 
Complete (ci, . . . , e^+i) to obtain a basis (cq, . . . , e^+i) of C™+^, then the morphism 

A' C'^+i © A'^^ C™+i — > yym(^m+2 
X + y I — > X A Co + y 

is an isomorphism. Then X^ is a subvariety of the grassmannian 

Gr(z + 1, m + 2) ~ SL^+2 .[d A ■ ■ ■ A A (eo + e,+i)] C P(A'^' C'-+^). 

We conclude by proving that they have the same dimension using Formula 11.8.11 □ 



^See [m Chap.l] for the construction of the colored fan of a G/H- embedding. 
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Proposition 1.10. In Case 6, is isomorphic to the spinor variety Spin(2m+1)/P(ct;m). 

Proof. The direct sum V{u!a) (BV{u![^) of the two half-spin Spin(2m)-modules is isomorphic 
to the spin Spin(2m + l)-moduIe. Moreover + is in the orbit of a highest weight 
vector of the spin Spin(2m + l)-module. Thus we deduce that is a subvariety of 
Spin(2m + 1)/P{ujm)- We conclude by proving that they have the same dimension using 
Formula [TXTl □ 

1.4 Non-homogeneous varieties 

With the notation of Section ri.2.21 we prove in this section the following result. 

Theorem 1.11. In Cases 3, 4, 5, 7 and 8 (and only in these cases), X^ is not homogeneous. 

Moreover the automorphism group of X^ is (S0(2m + 1) x C*) k V{ujm), (S0(7) x 
C*) X Vitus), ((Sp(2m) X C*)/{±1}) x V{uji), (F4 xC*) x V{uJi) and (G2 xC*) x V{uji) 
respectively. 

Finally, X^ has two orbits under its automorphism group. 

One can remark that in Case 5, Theorem 11.111 follows from results of I. A. Mihai pT| 
Chap. 3 and Prop. 5.1] combined with the following result. 

Proposition 1.12. In Case 5, X^ is isomorphic to the odd symplectic grassmannian 
Gr<^(i + l,2m + l). 

Proof. As in the proof of Proposition 11.91 X^ is a subvariety of the odd symplectic grass- 
mannian 

Gr^(z + 1, 2m + 1) ^ Sp2„+i .[d A ■ ■ ■ A e, A (cq + e,+i)] C P(A*+iC'"+i). 

Again we conclude by proving that they have the same dimension using Formula 1 1 . 8 . 1 1 and 
[m Prop 4.1]. □ 

Now, let X be one of the varieties X^ in Cases 3, 4, 5, 7 and 8. 

Then X has three orbits under the action of G (the open orbit Xq isomorphic to G/H 
and two closed orbits). Recall that X can be seen as a subvariety of F(y (ua) ®V {u f^)) . Let 
Py := P{uJa), Pz '■= PiyJp) and denote by Y and Z the closed orbits, isomorphic to GjPy 
and G/Pz respectively. (In Case 8 where G is of type 6*2, we have a = a2 and (3 = 

Let Xy be the simple G/if-embedding of X with closed orbit Y, we have Xy = XqUY. 
Then, by fi2[ Chap. 2], Xy is a homogeneous vector bundle over G/Py in the sense of the 
following. 
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Definition 1.13. Let P be a parabolic subgroup of G and V a P-module. Tlien tlie 
homogeneous vector bundle G V over G/ P is the quotient of the product G xV hy the 
equivalence relation ~ defined by 

e G, Vp e P, Vt; G V, {g, v) ~ {gp-\p.v). 

Specifically, Xy = G x^^ Vy where Vy is a simple Py-module of highest weight cu^ — cj^, 
and similarly, Xz = G x^^ Vz where Vz is a simple P^-module of highest weight Ua — ujp. 

Denote by Aut(X) the automorphism group of X and Aut°(X) the connected compo- 
nent of Aut(X) containing the identity. 

Remark 1.14. Observe that Aut(X) is a linear algebraic group. Indeed Aut(X) acts on 
the Picard group of X which equals Z (the Picard group of a projective spherical variety 
is free [1]). This action is necessarily trivial. Then Aut(X) acts on the projectivization 
of the space of global sections of a very ample bundle. This gives a faithful projective 
representation of Aut(X). 

We now complete the proof of Theorem 11.111 by proving several lemmas. 

Lemma 1.15. The closed orbit Z of X is stable under K\xt^{X). 

Proof. We are going to prove that the normal sheaf Nz oi Z m X has no nonzero global 
section. This will imply that Aut''(X) stabilizes Z, because the Lie algebra Lie(Aut''(X)) 
is the space of global sections H^{X, Tx) of the tangent sheaf Tx Chap. 2. 3] and we have 
the following exact sequence 

Tx,z ^Tx^Nz-^0 

where Tx,z is the subsheaf of Tx consisting of vector fields that vanish along Z. Moreover 
H^{X,Tx,z) is the Lie algebra of the subgroup of Aut°(X) that stabilizes Z. 

The total space of Nz is the vector bundle Xz- So using the Borel-Weil theorem [2], 
4.3], H^{G/Pz, Nz) = if and only if the smallest weight of Vz is not antidominant. The 
smallest weight of Vz is (ciJq, — cj^) where Wq is the longest element of Ws\{i3}. Let 7 G 5, 
then 

{w^{uja-ujp),^) = -u;^,w^(7)). 

If 7 is different from /? then (7) = —S for some 5 G Syj/?}. So we only have to compute 
w^oiP)- 

In Case 3, /? = so Wq maps to — am-i for alH G {1, . . . , m— 1}. Here, c<j^ = + 
2^2 + ■ — h mam)- Then, using the fact that 10^(0013) = ujp, we have Wq{(3) = ai H — ■ + am 
so that Wq{(3) = 2{ai + ■ ■ ■ + am~i) + c^m and {ua — t^/j, (7)) = 1 (because a = ttm-i)- 

The computation of (/3) in the other cases is similar and left to the reader. In all 
four cases, (cUq, — cu/j, Wg (/3)) > (this number equals 1 in Cases 3, 4, 5, 7 and 2 in Case 8). 
This proves that Wg (ciJq, — up) is not antidominant. □ 
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Remark 1.16. Using the Borel-Weil theorem we can also compute H^{G/Py, Ny) by the 
same method. We find that in Cases 3, 4, 5, 7 and 8, this G-module is isomorphic to the 
simple G-module V{ujm), V^u^), V{uji), V^Ui) and V{u!i) respectively. 

We now prove the following lemma. 

Lemma 1.17. In Cases 3, 4, 5, 7 and 8, Aut°(X) is (S0(2m+ 1) x C*) k V{uJm), (S0(7) x 
C*) X V{uj^), (Sp(2m) X C*) X V{uji), (F4 xC*) x V{uja) and (G2 xC*) x V{uji) respectively. 

Remark 1.18. By Remark 11.61 we already know that the action of G on X extends to an 
action of G x C*(~ G x P/H). Moreover G := {{c,c-^H) e C x P/H} C G x C* acts 
trivially on X. 

Proof. Let vr : X — > X be the blowing-up of Z in X. Since Z and X are smooth, X is 
smooth; it is also a projective G/if-embedding. In fact X is the projective bundle 

: G X^^ F{Vy © C) > G/Py 

where Py acts trivially on C (it is the unique projective G/if-embeddings with unique 
color a). Moreover the exceptional divisor Z of X is G/ P. 

Let us remark that Aut°(X) is isomorphic to Aut''(X). Indeed, it contains Aut''(X) 
because Z is stable under the action of Aut°(X). Conversely, we know, by a result of 
A. Blanchard, that Aut°(X) acts on X such that vr is equivariant [21 Chap. 2. 4]. 

Now we are going to compute Aut'^(X). Observe that H^iG/Py^Ny) acts on X by 
translations on the fibers of 0: 

Vs G H\G/Py,Ny), W{go, [vo,^]) G G x^- P(W © C), s.{go, [vo,^]) = {go, [vo + ^v{go),^]) 

where v{go) is the element of Vy such that s{go) = {go,v{go)). 

Then the group ((G x C*)/G) x H^{G/Py, Ny) acts effectively on X (the semi-product 
is defined by {{g',c'), s').{{g,c), s) = {{g'g,c'c),c'g's + s')). In fact we are going to prove 
that 

Aut°(X) = ((G X C*)/G) X H\G/Py,Ny). 

By 121 Chap. 2. 4] again, we know that Aut'^(X) exchanges the fibers of (f) and induces 
an automorphism of G/Py. Moreover we have Aut° (G/Py) = G/G in our four cases [21 
Chap. 3. 3]. So we have an exact sequence 

— ^ A — > Aut°(X) — ^ G/G — > 

where A is the set of automorphisms which stabilize each fiber of the projective bundle X. 
In fact A consists of affine transformations in fibers. 

Then H^{G/Py,Ny) is the subgroup of A consisting of translations. Let Aq be the 
subgroup of A consisting of linear transformations in fibers. Then Aq fixes Y so that Aq 
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acts on the blowing-up X of F in X. Moreover X is a P^-bundle over G/P, it is in fact the 

unique G/iZ-embedding without colors [12, Ex.1. 13 (2)]. As before we know that Aut°(X) 
exchanges the fibers of that P^-bundle and induces an automorphism of G/P. Moreover 

we have Ant\G/P) = G/G and then Aut°(X) = (G x C*)/C. We deduce that Aq = C*. 
We complete the proof of Lemma 11.171 by Remark 11.161 

□ 

To complete the proof of Theorem 11.111 we prove the following lemma. 
Lemma 1.19. The automorphism group of X is connected. 

Proof. Let be an automorphism of X. We want to prove that (p is in Aut°(X). But 
acts by conjugation on Aut°(X). Let L be a Levi subgroup of Aut°(X). Then 0~^L0 is 
again a Levi subgroup of Aut°(X). But all Levi subgroups are conjugated in Aut°(X). So 
we can suppose, without loss of generality, that stabilizes L. 

Then induces an automorphism of the direct product of C* with a simple group G 
of type Bm, Gm, -^4 or G2 (Lemma 11.171) . It also induces an automorphism of G which is 
necessarily an inner automorphism (because there is no non-trivial automorphism of the 
Dynkin diagram of G). So we can assume now that commutes with all elements of G. 

Then stabilizes the open orbit G/H of X. Let Xq := H ^ G/H G X and Xi := 
4>{xo) G G/H. Since commutes with the elements of G, the stabilizer of xi is also H. So 
acts on G/H as an element of Ng{H)/H = P/if ^ C* (where Ng{H) is the normalizer 
of H inG). Then is an element of C* C Aut°(X). □ 

Remark 1.20. In Case 5, we recover the result of I. Mihai: Aut(X) = ((Sp(2m) x 
C*)/{±1}) X C^™. 

1.5 First step in the proof of Theorem 10.21 

In this section, we prove the following result. 

Theorem 1.21. Let X be a smooth projective variety with Picard number 1 and put G : = 
Aut°(X). Suppose that G is not semi-simple and that X has two orbits under the action 
ofG. Denote by Z the closed orbit. 

Then the codimension of Z is at least 2. 

Suppose in addition that the blowing-up of X along Z has also two orbits under the 
action of G. Then X is one of the varieties X^ obtained in Cases 3, 4> 5, 7 and 8 of 
Theorem 

Remark 1.22. The converse implication holds by Theorem ll.lli 
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We will use a result of D. Akhiezer on two-orbits varieties with codimension one closed 
orbit. 

Lemma 1.23 (Th.l of [1]). Let X a smooth complete variety with an effective action of 
the connected linear non semi-simple group G. Suppose that X has two orbits under the 
action of G and that the closed orbit is of codimension 1. Let G be a maximal semi-simple 
subgroup of G. 

Then there exist a parabolic subgroup P of G and a P-module V such that: 
(i) the action of P on WiV) is transitive; 

((a) there exists an irreducible G-module W and a surjective P-equivariant morphism 
W V;) 

(ill) X = Gx^ W{V ®C) as a G-variety. 

Remark 1.24. It follows from (i) that V is an (irreducible) horospherical L-module of 
rank 1, where L is a Levi subgroup of G. This implies that X is a horospherical G-variety 
of rank 1. 

(The G-module W is the set of global sections of the vector bundle G V — > G/P-) 

Proof of Theorem \1.21\ If Z is of codimension 1, Lemma 11.231 tells us that X is a horo- 
spherical G-variety. Moreover the existence of the irreducible G-stable divisor Z tells us 
that one of the two rays of the colored fan of X has no color Chap 1] . Then X satisfies 
the condition (i) of Theorem 11.41 and X = F{V © C). Since X is not homogeneous we 
conclude that the codimension of Z is at least 2. 

Denote by X the blowing-up of X along Z. Then X is a horospherical G-variety 
by Lemma 11.231 Moreover X and X have the same open G-orbit, so that X is also a 
horospherical G-variety. We conclude by the description of smooth projective horospherical 
varieties with Picard number 1 obtained in the preceding sections . □ 

2 On some two-orbits varieties under the action of a 
semi-simple group 

The aim of this section is to prove Theorem 10.21 

We keep the notation of the first paragraph of Section 11.11 In all this section, G is a 
semi-simple group and all varieties are spherical of rank one (but not horospherical). 

We will often use the following result, that can be deduced from the local structure of 
spherical varieties [4i, Chap.l]. 

Proposition 2.1. Let X be a (spherical) tow-orbits G-variety, with closed orbit isomorphic 
to G/Q (choose Q D B D T such that X has an open B-orbit). Let L{Q) be the Levi 
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subgroup of Q containing T and Q~ the parabolic subgroup of G opposite to Q. Then there 
exists a affine L{Q)-subvariety V of X with a fixed point and an affine open subvariety Xq 
of X , such that the natural morphism from Ru{Q~) x V to X is an isomorphism into Xq. 
Moreover V is spherical of rank one. 



2.1 First results 

Let us first prove the first part of Theorem 10.21 

Proposition 2.2. Let X be a non-homogeneous projective two-orbits variety with Picard 
number 1. Then the codimension of the closed orbit Z is at least 2. 

Proof. Suppose that Z is of codimension 1. This implies that X is smooth. 

Let G/Hhe a. homogenous space isomorphic to the open orbit of X and P be a parabolic 
subgroup of G containing H and minimal for this property. 

Then P satisfies one of the two following conditions [1, proof of Th.5]: 

• R{P) CH CP, 

• H contains a Levi subgroup of P. 

Moreover, if P = G, then X is unique and homogeneous under its full automorphism 
group [H Th.4]. So P is a proper subgroup of G. 



We may assume, without loss of generality, that G is simply connected. 
We have the following exact sequence. 



Z[Z] — > Pic(X) — ^ Vic{G/H) 







so that the Picard group Vic{G/H) of G/H is finite. But, by [161 Th.2.2], Vic{G/H) 
is isomorphic to the group X{H) of characters of H . This contradicts the fact that H 
contains the radical or a Levi subgroup of a proper parabolic subgroup of G. Indeed we 
have one of the two following commutative diagrams (respectively when R{P) C H and 
L(P) C H), 



X(P) 



X(P) 



X(P(P)) 



X(L(P)) 



where the maps are restrictions and L{P) is a Levi subgroup of P. Moreover the maps 
X(P) — > X(P(P)) and X(P) — > ^L{P)) are injective. Then X(P) = so that P = 
G. □ 
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From now on, let X be a two-orbits variety satisfying (*) (Definition lO.Sp . Let G/H 
be a homogenous space isomorphic to the open orbit of X and P be a parabohc subgroup 
of G containing H and minimal for this property. Then, we still have the two cases of 
Proposition 12.21 R{P) G H G P or H contains a Levi subgroup of P. 

Denote by vr : X — > X the blow-up of X along Z. The variety X is the unique G/H- 
embedding [i.e. a normal G- variety with an open orbit isomorphic to G/H) with closed 
orbit of CO dimension 1. 

Note that X cannot be homogeneous under its full automorphism group, because of a 
result of A. Blanchard Chap. 2.4]. 

Let us remark also that X is the unique G/if-embedding satisfying (*). Indeed, a spher- 
ical homogeneous space of rank one cannot have two different projective G/if-embeddings 
with Picard number one. In fact, if it exists, the projective embedding with Picard number 
one is the G/if-embeddings associated to the unique complete colored fan with all possi- 
ble colors (see, for example [9j for the classification of G/-ff-embeddings, and [4j for the 
description of the Picard group of spherical varieties). 

To conclude this section, let us prove the following. 

Lemma 2.3. P is a maximal parabolic subgroup ofG. 

Proof. Let us assume, without loss of generality, that G is simply connected. Since Z has 
CO dimension at least 2, the Picard groups oi G/H and X are the same. The argument of 
the proof of Prop 12.21 implies that X(P) = Z so that P is maximal. □ 

2.2 When R{P) C H 

We suppose in all this section that R{P) G H. Let us remark that P/H is isomorphic 
to {P / R{P)) / {H / R{P)) and is still spherical of rank one. Then we deduce the following 
lemma from Theorem 4 of [Tj. 

Lemma 2.4. Suppose that there exist a projective G / H -embedding with Picard number 1 
and that R{P) G H G P ^ G. Then P/H is isomorphic to one of the following homo- 
geneous spaces G'/H' where G' is a quotient of a normal subgroup of P/R{P) by a finite 
central subgroup: 





G' 


H' 


X' 


Q' 


la 


SO(n), n>A 


SO(n-l) 




P{uJai) or B if n = A 


lb 


SO(n)/G', n>A 


S(0(1) X 0(n-l))/G' 


pn— 1 


P{uai) or B if n = 4 


2 


Sp(2n) /G', n > 2 


(Sp(2n-2) X Sp(2))/G' 


Gr(2,2n) 




3a 


Spin(7) 


G2 




PM 


3b 


S0(7) 


G2 




PM 
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Here we denote by C the center ofG'. The variety X' denotes the unique projective G' /H'- 
embedding. Its closed orbit is of codimension 1 and isomorphic to G' /Q' where Q' is the 
parabolic subgroup given in the last column. We denote by Q^~^ the quadric of dimension 
n — 1 in P" and by Gr(2,2n) the grassmannian of planes in C^" . 

Let us remark that, in case la and lb when n = 4, the group G' is of type Ai x Ai. 
This is the only case where G' is not simple. 

Moreover, the closed orbit Z of X is isomorphic to G/Q, where Q is a parabolic subgroup 
of G containing B such that P/{P fl Q) ~ G'/Q'. 

Proof. We apply [H Th.4] to the pair {P / R{P) , H / R{P)) (note that H/R{P) is reductive 
because P is a minimal parabolic subgroup containing H). So P/H is isomorphic to a 
homogeneous space listed in [H Table 2] . Since P is a proper parabolic subgroup of G, the 
group G' cannot be G2 or F4. 

Moreover we have already seen that the restriction morphism X{H) — > X(P(P)) is 
injective, hence X{H') is finite. So the cases (G" = PSL(n+l), H' = GL(n)), (G" = 
S0(3), H' = S0(2)) and (G" = S0(3), H' = S(0(1) x 0(2))) cannot happen. 

For the last statement, remark that X = G X' (see Definition ll.131) . the closed orbit 
of X is G/{PnQ) and the closed orbit of X' is G'/Q' - P/{PnQ). Note that the blow-up 
TT : X — > X is proper is G-equivariant and it sends the closed orbit of X to the closed 
orbit Z of X, so that Z is isomorphic to G/Q, G/P or to a point. By Proposition 12. ![ a 
two-obits variety whose closed orbit is a point must be affine, so that Z cannot be point. 
Now if Z is isomorphic to G/P, again by Proposition 12. ![ there exists an open subvariety of 
X isomorphic to the product of an open subvariety of G/P and a closed subvariety of X 
spherical under the action of a Levi subgroup of P. Moreover 5* is necessarily isomorphic to 
a projective G' /if '-embedding with closed orbit a point, that gives us a contradiction. □ 

Let us now translate the fact that X is smooth. 

Lemma 2.5. Suppose that there exists a smooth G / H -embedding X with closed orbit G/Q. 

Denote by Q^ the parabolic subgroup of G opposite to Q and by L{Q) := Q fl Q' the 
Levi subgroup of Q containing T. 

Then, there is an affine open subvariety of X that is isomorphic to the product of 
Ru{Q~) and a L{Q)-module V included in X. 

Moreover, V is either a fundamental module of a group of type An and of highest weight 
uji or ujn, or a fundamental module of a group of type Gn and of highest weight ui (modulo 
the action of the center of Q). 

Remark 2.6. For the variety X', one can directly compute that there is an affine open 
subvariety of X' that is isomorphic to the product of Ru{Q'~) and a line where L{Q') acts 
respectively with weight: 
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—uJi in Case la {—uji — Ui when n = 4); 
— 2co'i in Case lb {—2uJi — 2uJi when n = 4); 
—UJ2 in Case 2; 
— a;3 in Case 3a; 
—2uj3 in Case 3b. 

This remark will be used to prove that, in some cases, X cannot be smooth. 

Proof. By Proposition [2]T1 there exists a smooth affine L(Q)-subvariety V of X with a fixed 
point and an affine open subvariety of X that is isomorphic to Ru{Q~) x V. Moreover V 
is spherical of rank one. 

But if L is a reductive connected algebraic group acting on a smooth affine variety V 
with a fixed point, then is a L((5)-module [131 Cor. 6. 7]. So V is a L((5)-module. 

Moreover V has two L(Q)-orbits, so that it is horospherical. Then, the last part of the 
lemma follows from fLQ)., Lem.2.13]. □ 

Corollary 2.7. Suppose that there exists a G / H-embedding X satisfying (*). Suppose also 
that Q is maximal (this holds in all cases except Case 1 of Lemma \2.4\ with n = A). Let i 
and j be the indices such that P = P{uJi) and Q = P{ujj). 

Let us define Tl (respectively F* j to be the connected component of the subgraph Ts\{ai} 
(respectively Ts\{aj}) of the Dynkin diagram of G containing aj (respectively ai). 

Then T\ is of one of the following types: 
Bn, n > 2, with first vertex aj, 
Dn, n > 3, with first vertex aj, 
Gn, n > 2, with second vertex aj, 
B3, with third vertex aj. 

And r* is of type An with first (or last) vertex ai or of type Gn with first vertex ai. 

Proof. The first part of the corollary follows from Lemma 12. 4[ 

We deduce the second part from Lemma [531 Recall that G/H = Gx^ P/H and remark 
that Lemma [531 applied to the P/if-embedding X' says that there is an open affine subset 
of X' that is isomorphic to the product of Ru{{P H Q)~) and a L((P fl Q)~)-module of 
dimension 1. Then the highest weight of the L(Q)-module V must be a character of PflQ. 
We conclude by the last statement of Lemma [2.51 applied to X. □ 

When G is simple, applying Corollary 12.71 we are able to give a first list of possible 
homogeneous spaces admitting an embedding that satisfies (*). 

Lemma 2.8. Suppose that there exists a G/ H-embedding X satisfying (*). Suppose that 
G is simple and R{P) C H , then {G, P, Q) is one of the following: 

(a) (^4, P(u;i), P(u;3)) or, that is the same, (^4, P(ci;4), P(u;2)); 
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(b) {Bn, P{oJi)i P{cui-^i)), with n > 3 and 1 <i <n — 2, 

or {Dn, P{uJi)j P(cj.j_|_i)), with n > 4 and 1 < i < n — 3, 
or {Dn, P{uj„^2), -P(<^n-i) H P{uJn)), with n > 3; 

(c) {B,,P{u^),P{u;2)); 

(d) {B,,PM,P{u;,)); 

(e) (B3,P(a;2),PK)nP(^3)); 

(f) (C„, PM, PM) with n > 3; 

(g) (C3,PM,PMnP(u;3)); 

(h) {F,,P{uj,),P{uJs)); 

(i) {F,,P{u;,),PM); 
(j)iF,,P{uj,),P{uj3)). 

In the next Lemma, we consider the case where G is not simple. 

Lemma 2.9. Suppose that there exists a G / H -embedding X satisfying (*). Suppose that 
G is not simple, acts faithfully on G/H and R{P) C H. Then {G,P,Q) is one of the 
following: 

(a') {An X Ai,P{uj2) X Ai,P{uJi) x P{ooi)) or, that is the same, {An x Ai,P{LVn-i) x 
Ai, P{un) X P{ijOi)), with n > 2; 

(b') {Bn x Ai, P{uJn-\) X Ai, P{u;n) X P(a;i)) with n > 3; 

(c') {Cn X Ai,P{Un-l) X Ai,P{LJn) X P{oOi)) witk U > 2/ 

(d') {Gn X Ai, P{u2) X Ai, P{ui) X P{ui)) with n > 2; 
(e') {G2 X A,,P{uj,) X X P(a;i)); 

(79 (6-2 X A,P(u;2) X ^,P(a;i) x P^); 
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Proof. We may assume that G = Gi^ x ■ ■ ■ x Gj^ where k > 2 and Gi-^ , . . . , Gi^. are simple 
groups. Since P is maximal, we may assume also that P = Pi-^ x Gi^ x . . . and then 
P/RiP) = PijRiPi,) X G,, X . . .Gi,. 

Moreover P/ H is isomorphic to one of the homogeneous space of Lemma I2.4[ Since G 
is not simple and acts faithfully on G/H, H cannot contain the subgroup Gi^ x ■ ■ ■ x Gi^ 
so that P/H is isomorphic to (SL(2) x SL(2))/SL(2) or (PSL(2) x PSL(2))/ PSL(2) {i.e. 
Case la and lb of Lemma [2.41 with n = A, respectively). One can deduce that k = 2, that 
Gi^ and a normal simple subgroup of Pi^/R{Pi^) are of type Ai. □ 

Remark 2.10. In each case of Lemmas 12.81 and 12.91 . there exist at most one homogeneous 
space G/H and one G/if-embedding satisfying (*). Indeed, suppose that there exist two 
varieties Xa and respectively Xf, that satisfy the same case of Lemma 12.81 and Case la and 
respectively Case lb (or Case 3a and respectively Case 3b) of Lemma 12. 4[ Then Xa is 
a double cover of Xf, ramified along the closed orbit G/Q (because the quadric is a 
ramified double cover of P"). By the purity of the branch locus, both Xa and X^ cannot 
be smooth, that contradicts the hypothesis of the beginning. 

In the next three subsections we study separately all the cases enumerated in Lemmas 
[21] and EH 

2.2.1 Non-homogeneous varieties 

Let us first define two varieties as follows: 

Definition 2.11. Let G = F^, P = P{uji) and Q = Piu^). 

Denote by L{P) the Levi subgroup of P containing T and by uj^ the fundamental weights 
of (P/RiP), B/R{P)) (here P/i?(P) is of type G3). Let V be the G-module V{uji)®V{iU3), 
V be the sub-L(P)-module of V generated by and Cv^-^ be the line of V generated by 
Vi^-^. Remark that V is the fundamental L(P)-module of weight = uj'2 + i^i- 

Let X' be the two-orbits P/i?(P)-variety of Case 2 of Lemma [2^ included in P(C.ft^j © 
V) (X' is isomorphic to the grassmannian Gr(2,6)). 

One can now define Xi := GJC C F{V). 

Definition 2.12. Let G = G2 x PSL(2) acting on P(lm(0) ® C^) where lm(0) is the non- 
associative algebra consisting of imaginary octonions and G2 is the group of automorphism 
of lm(0). (See proof of Proposition 12.341 for more details about octonions). 

Let (ei, 62) be a basis of and let Zi, be two elements of lm(0) such that z\ = z\ = 
Z\Z2 = 0. Define 

X := [zi ® ei + ^2 ® 62] G P(lm(0) ® C^) 
and X2 as the closure of G.x in P(lm(0) (g) C^). 

Proposition 2.13. The variety Xi satisfies (*) in Case (h) of Lemma \2. 8[ 
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Proof. By construction, the open orbit G/ H oi Xi satisfies R{P) G H G P such that P/H 
is as Case 2 of Lemma [2 .41 Moreover, its closed orbit is G'.[ftJ3] and isomorphic to G/Q. 

Now let us check that Xi is smooth. By Remark 12. 6[ there exists an affine open 
subset of X' that is a product of Ru{{P H Q)~) and a line where P H Q acts with weight 
= ui — UJ3. Then there exists an open subset of Xi that is a product of Ru{Q~) and 
the irreducible horospherical L(Q)-module of highest weight uji — uj-^. □ 

Proposition 2.14. The variety X2 satisfies (*) in Case (f) of Lemma \2. 

Proof. Let x as in Definition 12.121 and H := Stabca;. Then H is included in the maximal 
parabolic subgroup P of G that stabilizes the plane generated by zi and Z2. Moreover 
R{P) G H and P/H is isomorphic to (PSL(2) x PSL(2))/ PSL(2) where PSL(2) is included 
in PSL(2) X PSL(2) as follows: 

PSL(2) — > PSL(2) X PSL(2) 
A I — > iA,'A'^)- 

Now let us remark that the closed orbit of the closure X of G.x in P(lm(0) (S> C^) is 
G.[zi Ci] that is isomorphic to G/Q where Q = P{u)i) x P{ujq) (to avoid confusion, we 
denote here by ujq the fundamental weight of PSL(2)). 

Let us now check that X is smooth. By Remark l2.6l there exists an affine open subset of 
X' that is a product of Ru{{Pr\Q)^) and a line where PCiQ acts with weight uj2 — 2uji — 2u!o 
(where ui and UJ2 are the fudamental weights of G2 and uq is the fundamental weight of 
PSL(2)). Then there exists an open subset of X that is a product of Ru{Q~) and the 
irreducible horospherical L(Q)-module of highest weight UJ2 — loji — 2ujq. □ 

Lemma 2.15. The two varieties Xi and X2 are not homogeneous. 

In fact, this lemma is a corollary of the following lemma, using the same arguments as 
in the proof of Lemma II. 151 

Lemma 2.16. The spaces of global sections of the normal sheafs of the closed orbits Zi 
and Z2 in Xi and X2 respectively are both trivial. 

Proof. By the local structure of Xi and X2 given in the latter two proofs, one can remark 
that the total spaces of the normal sheafs are the vector bundles G V{uJi — UJ3) and 
G x'^ V{ijj2 — 2ui — 2uo) respectively (and with the respective notations). We conclude by 
the Borel-Weil Theorem using the same method as in the proof of Lemma 11.151 □ 

Now, we are going to prove that, in all other variety satisfying (*) is homoge- 

neous. 



22 



2.2.2 G simple 

Proposition 2.17. In Case (a) of Lemma\M, G = PSL(5) and X = F{/\^C^). 

Proof. Let G = PSL(5). Let (ei, . . . , 65) be a basis of C^. Let x := [ei A 62 + 63 A 64] G 
P(/\^C^). Let H := Stab^x. Then H necessarily stabilizes the subspace V generated by 
ei, 62, 63 and 64, so that H C P := StahcV. One can also easily check that R{P) C H. 
Moreover P/R{P), that is isomorphic to PSL(4), acts on P(/\^ C^) with two orbits as in 
Case lb with n = 6. 

We have proved that the orbit of x is isomorphic to the homogeneous space of Case (a) 
of Lemma 12.81 and Case lb of Lemma I2.4[ Now let us remark, to conclude, that 

dim{G/H) = dim(G/P) + dim{P/H) = 9. 

□ 

Proposition 2.18. In Case (h) of Lemma IKR X = Grg{i + l,n + 1) . 

Proof. First, suppose that n = 2m > 6. Let (cq, ei, . . . , e^, e_i, . . . , e_m) be a basis of C"^^ 
such that (co, eo) = —2, (cfc, ci) = 1 if k = —I ^ and if 7^ — /. Let G ~ SO(n) be the 
subgroup of SO(n + 1) stabilizing cq. Let 1 < i < m — 2 and 

x := [ei A ■ ■ ■ A + ei A ■ ■ ■ A A (e^+i + e_(,+i))] G P(A' C" © A'^' C"). 

Let H := StabcX. Then H fixes [ei A ■ ■ ■ A e^] in P( A* C") so that H G P := 
Moreover one can check that R{P) C H and that the subgroup of 

P/R{P) ~ PGL(i) X S0(n-2i) 

that fixes x is isomorphic to the quotient of (PGL(i) x S0(n-2i-l)) by its center. Here, 
S0(n-2i-l) is the subgroup of S0(n-2i) that fixes Cj+i + e_(j+i). We have proved that G/H 
is an homogeneous space satisfying Case (b) of Lemma 12.81 and Case la of Lemma 12. 4[ 
Now let us consider the isomorphism 

A'C"©A'^^C" — > A'^^C"^^ 

X + y I — > X A Co + y 

such that X is map to [ei A ■ ■ ■ A e-i A (cj+i + e_(i+i) + eo)]. Remark that the vector space 
generated by ei, . . . , Cj and Cj+i + e_(j+i) + eo is isotropic. Then, by this isomorphism, the 
closure X of G.x in 

p( A' © A'"^^ C") is a sub variety of Gi q{i + 1, n + 1). We conclude 
saying that X and Gi q{i + l,n + 1) have the same dimension. 

When n = 2m+l, the proof is very similar. Indeed, choose (ei, . . . , Cm+i, e_i, . . . , e_(m+i)) 
be a basis of C""*"^ such that (e^, e/) = 1 if = — / 7^ and if /c 7^ — /. Then G is the 
subgroup of SO(n + 2) stabilizing Cq := e^+i — e„(„+i). Then the remained part of the 
proof is the same. 

□ 
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Proposition 2.19. In Case (c) of Lemma \2. M X is the homogeneous variety F 4^/ Piuji). 



Proof. Let G = Spin(9) C -F4. Denote by B" a Borel subgroup of F4 and by B the Borel 
subgroup B" n G of G. Let P := P^u^) and Q := P{u2) be the corresponding parabohc 
subgroups of G containing B. Let us denote by u'/ the fundamental weights corresponding 
to (F4, B") and by cu- the fundamental weights corresponding to {P/R{P), B/R{P)) (to fix 
the numerotation, let us choose that P/R{P) is of type D^). Consider the homogeneous 
variety Fi/P{uj'l) as the closed orbit of the projective space F(y{iu'l)) = F{V{uj4) ®V{uj2))- 

First, let us prove that F^/P^lu'O does not contain the closed orbit G/P of ¥{¥{004}). 
Suppose the contrary, then P is a subgroup of a parabolic group P" of F4 conjugated to 
P{uJi). In particular, a Levi subgroup of P is included in a Levi subgroup of P". But Levi 
subgroups of P are semi-direct products of C* and a simple group of type ^3, whereas 
Levi subgroups of P" are semi-direct products of C* and a simple group of type C3. So P 
cannot be a subgroup of P", that gives a contradiction. 

Remark now that F^/P^Ui) contains necessarily G/Q, the second closed orbit of 

P(V(CU4)©V(CU2)). 

Let us consider the rational map from F^/P^u'O to F{V{uj4)) defined by projection. 
It is G-equivariant and its image contains the closed orbit G/P ofFiy^u^)). Let us denote 
by Xq the fiber of over the point [v^^] of G/P. It is stable under the action of P and 
its dimension is at most 5 because dim(P4/P(u;")) = 15 and dim(G/P) = 10. The closure 
of the bundle G Xq ^ G.Xq in ¥{¥{004) © ¥{002)) contains necessarily the closed orbit 
G/Q. Then the closure X' of Xq contains P/{PnQ) (in other words, [v^j^] G X'). Remark 
that dim(P/(P n Q)) = 4 so that dim(X^) = 5. 

Let us decompose ¥{002) into a direct sum of P-modules V © V" where V is the P- 
module generated by f^j. Then, by the latter paragraph, there exists an element of Xg of 
the form [v^j^ +v' + v"] where v' G V^'\{0} and v" G V". Let us remark that UJ2 = 004 + uj[, 
then it is easy to check that there is no weight, smaller than U2, that is the sum of 004 and 
a dominant weight of {P/R{P),B/R{P)). It means that the center of L{P) acts with the 
same weight on Cv^^ and V but with a different weight on V". So one can deduce that 
[voji + is in X'. 

Remark now that V is the P-module A^C^, and that the projective space F{Cv^^Q)V') 
has 4 types of P-stable subvarieties: the point [1, 0], the quadric P/(P fl Q) in P(V"'), one 
quadric of dimension 5 with the two latter closed orbits and infinitely many quadrics of 
dimension 5 with only one closed orbit P/(P H Q). The first one and the third one cannot 
be in X' because G/P is not included in F4/P{lj"). It is easy to see that the second 
one cannot also be in X' (because P/{P H Q) is not in Xq). Then, we conclude that X' 
is a quadric as in Case la of Lemma 12.41 with n = 6. And X := G.X' C F4/ P{uj'l) C 
P(V^(ti;4) © V{uj2)) is a variety with an open orbit satisfying Case (c) of Lemma [278] and 
Case la of Lemma |2.4[ Since the dimension of X and F4/P{uj'{) are the same, we have 
necessarily X = F4/P{uj'[). □ 
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Proposition 2.20. In Case (d) of Lemma \2. ^ X is a quadric of dimension I4 in the 
projectivization of the spinorial Spin{9) -module. 

Proof. In fact X is the quadric g{x) = of [8, Prop. 5]. □ 

Proposition 2.21. In Case (e) of Lemma \2. ^ there exists no variety satisfying (*). 

Proof. In that case G = Spin(7) (or SO (7)), and P = P{uj2). Then P/R{P) is isomorphic 
to PSL(2) X SL(2) (or PSL(2) x SL(2)). 

Suppose there exists a variety X satisfying (*) in Case (e) of l2.8[ Then, by the preceding 
paragraph, the associated variety X' must be the one of Case lb of Lemma [23] with n = 4. 

Let us now check that X is not smooth, in order to obtain a contradiction. By Remark 
12.61 there exists an affine open subset of X' that is a product of Ru{{P H Q)~) and a line 
where P (IQ acts with weight 2uj2 — 2uji — 2uj^ (it is Lemma [2.51 in this particular case). 
Then there exists an open subset of X that is a product of Ru{Q~) and a cone on the flag 
variety in the irreducible L((5)-module of highest weight 2uj2 — 2uji — 2u)^. This implies 
that X is not smooth. 

□ 

Proposition 2.22. In Case (f) of Lemma \2.8[ X is the grassmannian Gr(3,2n). 

Proof. Let G = Sp(2n). First, let us consider the grassmannian Gr(3,2n) under the ac- 
tion of G. It has clearly two orbits: the open one Xq consisting of non-isotropic ele- 
ments of Gr(3,2r;,) and the closed one isomorphic to G/P{uj^) ~ Gr(^(3,2n). We just 
have to compute the stabilizer of a point of Xq and to check that it is the good one. 
Let (ci, . . . , e„, e_„, . . . , e_i) be a basis of C^" such that (cfc, ei) = 1 ii k = —I > 0, — 1 
if /c = — / < and if /c 7^ — /. Denote by E the subspace of C^*^ generated by ei, 62 
and e_2. Let H := Stabc -E- Remark that H C P := Stabcfei] because the line gen- 
erated by ei is the only line of E (1 E-^. Then one can check that R{P) C H and that 
P/H ^ Sp(2n-2) /(Sp(2) x Sp(2n-4)). □ 

Proposition 2.23. In Case (g) of Lemma \2. <gl there exists no variety satisfying (*). 

Proof. Suppose that there is a variety X satisfying (*) in Case (g) of Lemma 12.81 With 
the same method as in the proof of Proposition 12.211 we prove that there exists an open 
subset of X that is a product of Ru{Q~) and a cone on the flag variety in the irreducible 
L((5)-module of highest weight 3ci;2 — 2uJi — 200^. This implies that X is not smooth. □ 

Proposition 2.24. In Case (i) of Lemma \2.S\ X is the homogeneous variety Eq/ P {002) . 

Proof. We use exactly the same method as in the proof of Proposition 12.191 so that we 
only give here a sketch of the proof. 

Let G = F4 C Eq, P := P{ui) and Q := P{uJi). We consider E^/P^uj!^) in the projective 
space F{V{ij'^)) = ¥{V{uj^) © V{uji)). 
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First, Eq/P{uj2) does not contain the closed orbit G/P of P(V(u;4)), because a Levi 
subgroup of P cannot be included in a Levi subgroup of a group conjugated to Piuj'^). 
Moreover Eq/P{uj2) contains necessarily G/Q. 

Now we consider the rational map from Eq/P{uj2) to P(V^(a;4)) defined by projection. 
It is G-equivariant and its image contains the closed orbit G/P of ¥{¥{004)). Let denote 
by Xq the fiber of over the point [v^j^] of F^/P. It is stable under the action of P and its 
dimension is at most 6 because dim{EQ/ P{uj2)) = 21 and dim(G/P) = 15. 

Then one can prove that the closure X' of Xq contains P/{P H Q), and deduce that 
X' contains an element of the form [v^^^ + v'], where v' is a non-zero element of the sub-P- 
module V generated by v^^^. 

Remark now that V is the P-module C'^, and that the projective space F{Cvi^^ © V) 
has 4 types of P-stable subvarieties: the point [1,0], the quadric P/ (P fl Q) in fiV'), one 
quadric of dimension 6 with the two latter closed orbits and infinitely many quadrics of 
dimension 6 with only one closed orbit P/ (P fl Q). 

Then we conclude from the latter paragraph that X' is the 6-dimensional quadric of 
Case la of Lemma [231 with n = 7, so that Eq/P{uj2) C ¥{¥{104) © V{uji)) is the variety X 
satisfying (*) in Case (i) of Lemma [2^ 

□ 

Proposition 2.25. In Case (j) of Lemma \2.S\ there exists no variety satisfying (*). 

Proof. Suppose that there is a variety X satisfying (*) in Case (j) of Lemma [2.8[ With 
the same method as in the proof of Proposition 12.211 we prove that there exists an open 
subset of X that is a product of Ru{Q~) and a cone on the flag variety in the irreducible 
L(Q)-module of highest weight 3c(j4 — 20^3. This implies that X is not smooth. □ 

2.2.3 G not simple 

Proposition 2.26. In Case (a') of Lemma \KM G = PSL(n + 1) x PSL(2) and X is the 

projective space P(C"+"^ © C^). 

Proof Let G = PSL(n + 1) x PSL(2) acting on P(C"+^ © C^). 

Let (ei, . . . , e„+i) and (/i,/2) be respectively some basis of C"^"'^ and C^. Let x : = 
[ei © /i + 62 © /2] e P(C"+^ © C2) and H := Stabc x. 

Then H is clearly included in the maximal parabolic subgroup P of G that stabilizes the 
plane generated by ci and 62- Moreover, one can check that R{P) C H. Remark that P/H 
is isomorphic to (PSL(2) x PSL(2))/ PSL(2) where PSL(2) is included in PSL(2) x PSL(2) 
as in proof of Proposition 12.141 

We have proved that G/H is the homogeneous space of Case (a') of Lemma [2.9[ We 
complete the proof saying that the dimension of G/ H is 2n + 1. □ 

Proposition 2.27. In Case (b') of Lemma \2.9[ X is the spinorial variety Gi^ {n+2,2n+A) . 
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Proof. Let (ei, . . . , e„+2, e_i, . . . , e_(„+2)) be a basis of C^"""*"^ such that (cfc, e^) = 1 if = — / 
and if ^ -Z. Let G ~ S0(2n + 1) x SO (3) be the subgroup of S0(2n + 4) that stabihzes 
the two subspaces Vi and V2 of C^""*"*^ respectively generated by 

e-(„+i) and e^+i - e-(„+i), 6^1+2, e_(„+2)- 

Let V C C^"+'' be the (n + 2)-dimensional subspace generated by ei, . . . , e„_i, e„+i, e„ + 
e„+2,e_„ + e_(„+2) and H := Stab^V^- Then H is included in the maximal parabohc 
subgroup P of G that stabilizes the (n — l)-dimensional subspace V^flV^i. One can check also 
that R{P) C H. Now, P/H is isomorphic to (S0(3) x S0(3))/if' where H' is the stabilizer 
of the 3-dimensional subspace generated by e_(„+i),en + e„+2,e_„ — e_(„+2) in the group 
S0(3) X S0(3) C G acting on the subspace W generated by e^, e„+i, en+2, e_„, e_(„+i), 
e-(n+2)- Remark that 2e_(„+i) = (e„+i + e_(„+i)) - (e„+i - e_(„+i)), so that H' is the group 
SO (3) diagonally embedded in SO (3) x SO (3). 

We complete the proof saying that G/H and Gr^(n+2, 2n+A) have the same dimension. 

□ 

Proposition 2.28. In Case (c') of Lemma \2.9[ X is the symplectic grassmannian Gr^(n + 
l,2n + 2). 

Proof. Let V and V be the fundamental Sp(2n)-modules respectively of weight uOn and 
ojn-i. Let G = (Sp(2n) x SL(2)) acting on ® {V (g) C^)). 

Let (ei, . . . , Cn, e_i, . . . , e_„) and (e„+i, e_(„+i)) be respectively some basis of C^" and 
C^, such that {ck, ci) = 1 if k = —I > 0, (cfc, e/) = — 1 if = — / < and if 7^ — /. Remark 
that ( , ) can be naturrally defined on C^"©C^ so that G is a subgroup of Sp(2n + 2). Note 
also that C A" and V C A""^ C^". Let 

X := [ei A . . . A e„„i + (ci A . . . A e„) (g) e„+i - (ci A ... A e„_i A e_„) (g) e_(„+i)] 

and if := Stab^ x. 

Then if is clearly included in the maximal parabolic subgroup P of G that stabi- 
lizes the subspace generated by ei, . . . , e„,_i. Moreover, one can check that R{P) C 
H. Remark that P/R{P) = (Sp(2n-2) x SL(2) x SL(2)) so that P/H is isomorphic to 
(SL(2) X SL(2))/ SL(2) where SL(2) is included in SL(2) x SL(2) as the same way as in the 
proof of Proposition 12.141 

Now let us remark that the G-module V (B V ® C'^ is isomorphic to the fundamen- 
tal Sp(2n + 2)-module V" of weight Un+i- Indeed, we have the following G-equivariant 
isomorphism 

v'®V0C^ ^ y"cA"^'c2"+2 

y + z^w I — > y A e„+i A e_(„+i) - y A Ci A e_i ?/ A e„ A e_„ + z A w. 
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Moreover, this isomorphism maps x to 



ei A. . . Ae„+i Ae_(„+i) -ei A. . . Ae„ Ae_„ + ei A. . . Ae„ Ae„+i -ei A. . . Ae„_i Ae_„ Ae_(„+i) 
= ei A . . . A e„_i A (e„ - e_(n+i)) A (e„+i - e__„). 

Remark now that the vector space generated by ei, . . . , e„_i, e„ — e_(„+i) and e„+i — e_„ 
is isotropic so that G/H is contained in Gr^(n + 1, 2n + 2). 

We complete the proof with an argument of dimension. □ 

Proposition 2.29. In Case (d') of Lemma \KM G = Sp(2n) /{±1} x PSL(2) and X is a 
quadric in P(C^" C^). 

Proof. Let G = Sp(2n) /{±1} x PSL(2), acting on P(C2'^ ® C^). 

Let (ei, . . . , e„, e_i, . . . , e.^) and (/i, be respectively some basis of C^" and C^, such 
that {ek,ei) = 1 if = — / > 0, (efc,e/) = — 1 if /c = — / < and if 7^ — /. Let 
X ■= [d ® /i + 62 ® /2] e P(C2" ® C^) and := Stabc x. 

Then if is clearly included in the parabolic subgroup P of G that stabilizes the isotropic 
plane generated by ci and 62- Moreover, one can check that R{P) C H. Then re- 
mark that P/H is isomorphic to (PSL(2) x PSL(2))/ PSL(2) where PSL(2) is included 
in PSL(2) X PSL(2) as in the proof of Proposition EIIl 

Now, let us define a quadratic form q on C^" (S> by 

\/xi, X2 e C^", q{xi ® /i + X2 ® /2) = (Xi, X2). 

One can check that q is invariant under the action of G. Moreover q{ei ® /i + 62 ® /2) = 
so that G/H is contained in the quadric Q"^""^ := {[y] G P^"^^ | = 0}. To conclude, 
note that dira{G/H) = An - 2. □ 

Proposition 2.30. In Case (e') of Lemma \2. S\ there exists no variety satisfying (*). 

Proof. Let us denote by ojq the fundamental weight of PSL(2). Suppose that there is a 
variety X satisfying (*) in Case (e') of Lemma [2.91 With the same method as in the proof 
of Proposition 12.211 we prove that there exists an open subset of X that is a product of 
Ru{Q~) and a cone on the flag variety in the irreducible L{Q)-modnle of highest weight 
3uji — 2uj2 — 2ujq. This implies that X is not smooth. □ 

2.3 When R{P) ^ H 

When H contains a Levi subgroup of P, we have the following result. 

Lemma 2.31 (Th.2.1 of [5]). Suppose that H contains a Levi subgroup of the maximal 
parabolic subgroup P. 

Then [G, P, H) is one of the following: 
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(t) (PSL(m + l),P(cui),GL(m)). 

(a) G = S0(2m + 1); P = P{uJm) is the stabilizer of an isotropic m- dimensional 
subspace E of C^'"^-^; H is the stabilizer of E and a non-isotropic vector orthogonal to 
E. 

(in) G = Sp(2m) /{±1}; P is the stabilizer of a line I in C^™; H is the stabilizer of I 
and a non-isotropic plane containing I. 

(iv) G = G2; P is the stabilizer of a line I in the 7- dimensional simple G -module; H 
is the stabilizer of a line I' in the 1 4- dimensional simple G-module such that H contains a 
maximal torus T of G and T acts with the same weight a in I and V ; a is a short root of 
{G,T). 

In Case (i), X = P" x (P")*, and in Case (iii), it is easy to check that X is the partial 
flag variety SL(2m) / {P{ui)nP{u2)). So these two cases cannot give us a variety satisfying 
(*). And in the next two propositions we are going to prove that X is homogeneous in 
Case (ii) and that X is homogeneous in Case (iv). 

Proposition 2.32. Let X be the S0(2n + l)-variety defined by 

X := {(/, V) G Gr(l, 2n + l)x GTg{n, 2n + 1) | / C V^} 

where V-^ is the q-orthogonal subspace ofV. 
Then X ~ S0(2n + 2) /(P(cJi) n PK+i)). 

Remark 2.33. The variety X is the two-orbits variety with an open orbit isomorphic to 
the homogeneous space of Case (ii) of Lemma [2.311 and with closed orbit of codimension 1. 

Proof. We have to prove that 

X ~ r := {(/', V) e Gr,(l, 2n + 2) X Gr+(n + 1, 2n + 2) | /' C V'}. 

Let us decompose C^*^"^^ in an orthogonal sum C^*^"*"^ © L such that the restriction of q to 
Q2n+i jg q£ maximal index. Denote by vr the orthogonal projection C^""*"^ — > C^""*"^. 

Let (/', V) G Y . Then vr(Z') is a line because L is not isotropic. Also V fl C^"^^ is an 
isotropic subspace of C^"""*"^ of dimension n. Moreover 7r(/') C iV' fl C^""'"^)-'". Indeed let 
V a non-zero element of vr(/'). One can write v = Vi + V2 with vi G /' and V2 G L. Then 
vi G V'^ and V2 G (C^^+i)^, so that w G (V^' n C2"+i)^. 

By the latter paragraph, one can define a S0(2n + l)-equivariant morphism 

0: f > X 

{l\V') ^ (7r(/'),r nc2"+i) 

Let us show now that is an isomorphism. 
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Let (/, V) e X. Then there exists a unique V E Gr^{n + l,2n + 2) such that V C V 
and V = V'r] C2"+i. 

By hypothesis (/ © L) C V^"^ C C^"+^. But V is also a subspace of V-'- which is 
of dimension n + 2. Moreover / © L is not isotropic so it is not included in V. So 
I' ■= (/ © L) n V is an isotopic line in V and n{l') = I. Let us note also that a such /' is 
unique (because it must be included in V' and in / © L). □ 

Proposition 2.34. The variety Grq(2, 7) has two orbits under the action of G2- It is the 
two-orbits variety satisfying (*) in Case (iv) of Lemma \2.31\ 

Proof. Let O be the set of octonions on C. One can define this 8-dimensional (non- 
associative) algebra with a basis (1, ei, . . . , 67) and the following multiplication table (1 
being the identity): 





ei 


62 


es 


64 


65 


ee 


67 


ei 


-1 


64 


e? 


-62 


ee 


-65 


-63 




-64 


-1 


65 


ei 


-63 


e? 


-ee 


63 


-67 


-65 


-1 


ee 


62 


-64 


ei 


64 




-ei 


-ee 


-1 


e? 


63 


-65 


65 




es 


-62 


-67 


-1 


ei 


64 


ee 


es 


-67 


64 


-es 


-ei 


-1 


62 


67 


es 


ee 


-ei 


es 


-64 


-62 


-1 



Let us denote by q the norm defined by q{xQ + Xll=i ^^fcCfc) = Sl=o -^I ^'^'-^ lm(0) the 
7-dimensional subspace generated by ei, . . . , 67. Let SO {7) be the special orthogonal group 
defined by q and acting on lm(0). Let G be the group of automorphism of O. Remark 
that, since an automorphism fixes the identity and preserve the norm, G is a subgroup of 
5*0(7). Moreover it is well-known that G is of type G2- 

Let Giq{2,7) the set of isotropic planes in lm(0). First, remark that Grq(2, 7) has a 
closed orbit Z isomorphic to G/P{lj2). In fact Z = {V G Grg(2, 7) | Vz, z' G V, zz' = 0}. 

Let us compute the stabilizer of a particular point of Grg(2, 7). For this, let us consider 
a new basis {zq, zi, Z2, Z3, Z-i, Z-2, Z-3) of lm(0) having the following multiphcation table. 





Zq 


Zl 


Z2 


z-i 


Z-\ 


Z-2 


Z-i 




1 


Zl 


Z2 


-Zi 


-Z-l 


-Z-2 


Z-i 


Zl 


-Zl 





Z-i 





-1 - Zq 





-2z-2 


Z2 


-Z2 


-z^ 











-1 - Zq 


2z-i 


Z3 


Zz 











2Z2 


-2zi 


-2 + 2^0 


Z-l 


Z-l 


-1+^0 





-2^2 





Z-i 





Z-2 


Z-2 





-1 + 2^0 


22i 


-z_3 








Z--i 


-z-z 


2;z_2 


-2z-i 


-2 - 2^0 
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Take for example, zq = icj, z\ = (ei + ie-i)/V^^ Z2 = (e2 + teQ)/^/2, z^ = — ^eg, 
z-i = (ei - te3)/V2, z_2 = (e2 - %e^)l\f2 and z_3 = 64 + ^eg. 

Let E be the plane of lm(0) generated by zx and z^ and let := Stabfj Remark that 
H contains a maximal torus T (the diagonal matrices of G in the new basis) . Moreover, H 
stabilizes the line / generated by zj, (because z\Z2 = Z3). In other words, H C P := Stabc I- 
Moreover T acts on / with weight a short root a of {G,T). Let us note that the adjoint 
G-module V^^ is the submodule of the adjoint SO(7)-module /\^lm(0). Indeed, it is the 
kernel of the following linear map. 

A^Im(O) — > lm(0) 
z A z' I — > lm{zz') 

Then, the only line of V^^^ where T acts with weight a is the line /' generated by ziAz2 + zqA 
Z3. Let us prove that H is the stabilizer of Let (j) E H. Then 4>{ziAz2) = D.Z1AZ2 where 
D is the determinant of the restriction to E of (j). Moreover, we clearly have ^(-Za) = D.Z'i 
(because 2:3 = -21^2)- Since zq fixes each point of E by left multiplication, 0(zo) must be of 
the form Zq + Xz^, for some A G C. So (j){zQ A z^) = D.Zq A z^ and 0(/') = /'. 

Then we have proved that G/H is isomorphic to the homogeneous space of Case (iv) 
of Lemma I2.31[ 

We complete the proof saying that G/H and Grg(2, 7) have the same dimension. □ 
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